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Abstract – To model isotropic homogeneous quantum turbulence in superfluid helium, we have
performed Direct Numerical Simulations (DNS) of two fluids (the normal fluid and the superfluid)
coupled by mutual friction. We have found evidence of strong locking of superfluid and normal
fluid along the turbulent cascade, from the large scale structures where only one fluid is forced
down to the vorticity structures at small scales. We have determined the residual slip velocity
between the two fluids, and, for each fluid, the relative balance of inertial, viscous and friction
forces along the scales. Our calculations show that the classical relation between energy injection
and dissipation scale is not valid in quantum turbulence, but we have been able to derive a
temperature-dependent superfluid analogous relation. Finally, we discuss our DNS results in terms
of the current understanding of quantum turbulence, including the value of the e!ective kinematic
viscosity.

Copyright c! EPLA, 2009

Motivation and aim. – The low-temperature phase
of liquid helium 4He (He II) consists of two co-penetrating
fluids [1]: an inviscid superfluid (associated to the quantum
ground state) and a gas of thermal excitations which
make up the viscous normal fluid. Quantum mechanics
constrains the rotational motion of the superfluid to
discrete, quantised vortex filaments of fixed circulation
!; these vortices scatter the thermal excitations, thus
inducing a mutual friction force between the two fluids [2].
Mechanical [3–6] or thermal driving [7] can easily excite
turbulence in both fluids. The resulting state of quantum
turbulence at temperatures1 above 1K and its similarities
with ordinary turbulence is a problem which is attracting
interest, and is the subject of this investigation.
According to experimental, theoretical and numerical

results (for a review see [8]), at su!ciently large scales
in the inertial range, the superfluid and normal-fluid
velocities are matched (vs ! vn) and their spectra obey
the classical Kolmogorov scaling k!5/3 (where k is the
magnitude of the three-dimensional wave number). Our

1In the zero-temperature limit, the normal fluid, hence the mutual
friction, is negligible, and the quantum turbulence problem becomes
di!erent.

aim is to go beyond this first-order description and explore
the consequences of the finiteness of the mutual coupling
between the two fluids in the inertial and dissipative
ranges of the turbulent cascade. In particular we want
to know if the inter-fluid locking remains e!cient at
di"erent temperature, what is the residual slip velocity
between the two fluids and how the energy transfer
between the two fluids a"ects the classical formulae from
ordinary turbulence theory which relate injection and
dissipation to Reynolds number. To answer these questions
we introduce a numerical model based on the traditional
direct numerical simulation (DNS) of the Navier-Stokes
equation.

Numerical model. – Our model is inspired by the
HVBK equations [9,10], which describe the dynamics of
He II in the continuum limit using a Navier-Stokes equa-
tion (for the normal fluid) and an Euler equation (for the
superfluid) coupled by a mutual friction force. The HVBK
equations have been used with success to describe vortex
waves in rotating helium [11] and to predict the observed
instability of the Taylor-Couette flow of He II between
two rotating concentric cylinders in the linear [12,13] and
nonlinear regimes [14]. The key aspect of the HBVK
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equations is that they smooth out the discrete nature of
superfluid vortex lines by introducing a “coarse-grained”
superfluid vorticity field !s. The advantage of the HVBK
approach is that it allows us to account for the fluid motion
on scales larger than the typical inter-vortex spacing "
in a dynamically self-consistent way, that is to say, the
normal fluid determines the superfluid and vice versa. The
disadvantage in the context of turbulence is that vortex
filaments which are randomly oriented and Kelvin waves
of wavelength smaller than " do not contribute to !s;
hence, if we define the vortex line density (vortex length
per unit volume) as L= |!s|/!, we underestimate its
actual value. In other words, the HVBK approach only
captures the “polarised” contribution of the superfluid
vortex tangle [15].
For reference, we note that a numerical simulation of

quantum turbulence with friction coupling acting (self-
consistently) on both fluids has already been reported
using large-eddy simulation [16]. The self-consistent
coupling of Schwarz’s vortex filament method [17] for the
superfluid (which models the motion of individual vortex
lines) and a Navier-Stokes equation for the normal fluid
has been implemented only for the case of a single vortex
ring [18]. Modifications of Schwarz’s method which are
not dynamically self-consistent (in which the normal fluid
a"ects the superfluid vortices but not vice versa) have
also been proposed [19–22].
The model which we propose di"ers from the HVBK

equations in two respects. Firstly, we introduce an arti-
ficial superfluid viscosity #s as a “closure” to damp the
energy at the smallest scales and prevent possible numer-
ical instabilities and numerical artifacts; this feature also
greatly simplifies our task, as it allows us to make use of
e!cient Navier-Stokes validated codes, optimised to run
on parallel supercomputers. The value of #s is chosen to
be as small as possible, smaller than the normal fluid’s
value #n, so that the artificial damping of the super-
fluid occurs at smaller scales than viscous damping of
the normal fluid. Secondly, we simplify the form of the
mutual friction force of the HVBK equations, to allow a
more direct interpretation. The resulting equations for the
normal-fluid and superfluid velocity fields vn and vs are
!

$

$t
+vn"

"

vn =#
1

%n
"pn+

%s
%
Fns+ #n"

2vn+ f
ext
n ,

(1)
!

$

$t
+vs"

"

vs =#
1

%s
"ps#

%n
%
Fns+ #s"

2vs+ f
ext
s ,

(2)

where the indices n and s refer to the normal fluid and
superfluid, respectively, fextn and fexts are external forcing
terms, %n and %s are the normal-fluid and superfluid densi-
ties, %= %n+ %s, pn = (%n/%)p+ %sST and ps = (%s/%)p#
%sST are partial pressures, S, T and p are specific
entropy, temperature and pressure and vn and vs satisfy
the incompressibility conditions " ·vn = 0 and " ·vs = 0

(see footnote 2). Densities %n and %s are constant, pn and
ps are eliminated by taking the divergence of eqs. (1), (2)
and solving the resulting Poisson equations. For simplicity
the mutual friction force is written as [23,24]

Fns =
B

2
|!s|vns, (3)

where vns = vn#vs is the slip velocity and !s ="$vs
is the superfluid vorticity. The prefactors of Fns in
eqs. (1), (2) are such that the coupling conserve total
momentum.
Our numerical code for two-fluids DNS has been

adapted from an existing single-fluid DNS code (used for
example in [25]). Here it su!ces to say that it is based
on a pseudo-spectral method with 2nd-order accurate
Adams-Bashforth time stepping; the computational box
is cubic (size 2&) with periodic boundary conditions in
the three directions and the spatial resolution is 2563.
Validation of the code includes checking the preservation
of the solenoidal conditions and of the correct balances of
the energy fluxes : injected, exchanged between the two
fluids (without dissipation) and dissipated.
Calculations were performed with density ratios %n/%s

10, 1 and 0.1, corresponding respectively to T = 2.157K
(hereafter referred to “high temperature”), T = 1.96K
(“intermediate temperature”) and T = 1.44K (“low
temperature”) [26]. In this range of temperatures the
friction coe!cient B changes only by a factor of two,
thus, to facilitate the interpretation of the results, we set
B = 2 constant in all calculations. At each temperature,
we set the artificial kinematic viscosity of the superfluid
to be four time smaller than the normal-fluid kinematic
viscosity, #n/#s = 4. One extra calculation, performed
at high temperature with #n/#s = 100, will be hereafter
referred to as the “Quasi-Euler” superfluid case, because
energy dissipation by the superfluid viscosity is negli-
gible3. A random forcing (acting in the shell of wave
vectors 1.5< |k|< 2.5) was imposed on the normal fluid
alone at high and intermediate temperatures, and on the
superfluid alone at low temperature. The intensity of this
forcing was such that the total energy injected per unit
mass of fluid was constant over time, and was kept the
same at all temperatures.

Results. –

The locking of the two fluids. Figure 1 shows the local
superfluid and normal-fluid enstrophies |!s|2 (left) and
|!n|2 (right) at the intermediate temperature (%n = %s).
Intense vortex regions (“worms”) are highlighted by the
colour scale, which becomes gray above 5%|!s|2& and
opaque white above 10%|!s|2&, where the symbol %· · ·&
indicates volume averaging4. The figure clearly shows

2The incompressibility condition can be di"cult to satisfy near
the superfluid transition, where second sound velocity vanishes.
3More than 99.8% of the injected kinetic energy was dissipated

by the normal fluid.
4This visualisation was generated with “Vapor” freeware, down-

loadable at www.vapor.ucar.edu.
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Fig. 1: Left and center visualisations: local enstrophy (squared vorticity) field of superfluid (left) and normal fluid (center) at
intermediate temperature. The pattern of vorticity structures is the same in both fluids, but is more intense in the superfluid.
The grayscale is defined in the text. Right plot: spectral coherence function c2(k) of normal-fluid and superfluid velocity fields.

that the vorticity structures of the two fluids are very
similar. The degree of similarity can be quantified by the
correlation coe!cient

c1 =
%!s!n&
#

%!2s&%!
2
n&
. (4)

We find that c1 is larger than 97% at all three tempera-
tures explored, in agreement with recent numerical calcu-
lations [22] of a superfluid vortex tangle driven by a
turbulent normal fluid at high temperature (%n/%s ' 3).
Unlike our work, these simulations ignored the back-
reaction of the vortex tangle onto the normal fluid.
The plot on the right side of fig. 1 compares the spectral

coherence function

c2(k) =
|vn(k) ·vs(k)|2

|vn(k)|2 · |vs(k)|2
(5)

of superfluid and normal-fluid velocity fields: The fact
that c2(k) is larger than 98% at all scales below kmax/4,
where kmax = 128 is the largest wave vector associated
with our 2563 mesh, means that superfluid and normal-
fluid velocity fields are strongly locked along the inertial
range, up to the forcing length scale, where the energy,
which is injected into one fluid only, is redistributed
very e!ciently over both fluids. We recall that energy
is injected into the normal fluid only, except at low
temperature, where it is injected in the superfluid only.
The upper set of curves of fig. 2b presents the superfluid

and normal velocity power spectra En(k) and Es(k)
(defined by Ei =

$

Ei(k)dk (i= n, s) where Ei is the total
energy in arbitrary units) at high, intermediate and low
temperature. As expected from the previous figure, the
spectra overlap along the inertial range; around k= 10,
both spectra are compatible with Kolmogorov’s k!5/3

inertial range scaling (illustrated by the thin straight line).
Note also that at each temperature, since #s < #n, for
increasing k the normal fluid becomes damped before the
superfluid. This is consistent with fig. 1, which shows
that the superfluid enstrophy is indeed stronger than the
normal fluid’s one.

1 10 100

10
!6

10
!4

k

E
(k

)

10
!3

10
!2

E
|

!
s
 |
 (

k
)

Low Temp. : superfluid

Low Temp. : normal fluid

Low Temp. : slip velocity

Interm. Temp. : superfluid

Interm. Temp. : normal fluid

Interm. Temp. : slip velocity

High Temp. : superfluid

High Temp. : normal fluid

High Temp. : slip velocity

Quasi!Euler : superfluid

Quasi!Euler : normal fluid

Quasi!Euler : slip velocity

!5/3

b

a

Fig. 2: (Colour on-line) Subplot a: spectra of the magnitude
of the superfluid vorticity |!s| vs. wave number k. From top
to bottom low (green), intermediate (blue) and high (red)
temperatures. Subplot b, upper part: superfluid (thick solid
lines) and normal fluid (thick dashed lines) velocity power
spectra vs. wave number k at the three temperatures. The thin
dashed line denotes the Kolmogorov k!5/3 scaling. Subplot b,
lower part: the thin solid lines show the spectra of the slip
velocity at the three temperatures.

The slip between the two fluids. If the two fluids were
perfectly locked, the mutual friction would be zero, which
would inevitably result in the unlocking of the two fluids,
as they would experience di"erent forcing and dissipation
processes. A residual slip velocity vns = vs#vn between
the two fluid must therefore be present. The lower set of
curves in fig. 2b shows the spectrum of vns. The peak at
k! 2 is caused by the forcing, which is applied to a single
fluid, and induces a residual slip at this wave vector. The
striking feature of this spectrum is that it increases with
k in the inertial range, starting at k( 10, and peaking
in the dissipation scales, where the dissipation of one
fluid is significantly larger than that of the other. The
increase with k of the slip velocity spectrum is remarkably
pronounced in the “quasi-Euler” case.
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Fig. 3: (Colour on-line) Energy exchange between fluids
in the high-temperature “quasi-Euler” case (!n/!s = 10 and
"n/"s = 100).

Energy transfer between the two fluids. We focus
on the high-temperature “quasi-Euler” case (#n/#s = 100,
%n/%s = 10) because it is expected to mimic He II hydro-
dynamics more closely than other viscosity ratios. The
scale-by-scale energy budget per mass unit for the normal
fluid and superfluid are, respectively,

$En
$t
(k, t) =#Dn(k, t)#Tn(k, t)#Mn"s+ '

inj(k,2, (6)

$Es
$t
(k, t) =#Ds(k, t)#Ts(k, t)#Ms"n, (7)

where Dn and Ds are the viscous dissipation terms in the
normal fluid and superfluid,

Di(k, t) = 2#ik
2Ei(k, t), (8)

Tn and Ts are the energy transfer rates arising from triad
interactions between Fourier modes within each fluid; the
energy flux at wave number k related to the non-linear
interaction is defined by

Fi(k, t) =

% k

0

Ti(k
#, t) dk#. (9)

Ms"n and Mn"s result from the exchange of kinetic
energy between the two fluids by mutual friction:

Mn"s(k, t) =#
%s
%
(Fns ·vn)(k, t), (10)

Ms"n(k, t) =
%n
%
(Fns ·vs)(k, t). (11)

Dissipations, triadic interactions and mutual coupling
terms in k space are shown in fig. 3. As expected from
the stationary of the flow, for each fluid the sum of
all terms is close to zero, except at the lowest k (for
which volume averaging is not performed over enough
independent realisations due to the limited time scale
of integration). In the inertial range and in the near

dissipative range, the triadic interaction terms for both
fluids are the same at first order, as expected from
vn ' vs. In the normal fluid, the triadic term is roughly
compensated by the viscous dissipation. In the superfluid,
the viscous dissipation is #n/#s = 100 times smaller, and
the triadic term is compensated instead by the coupling
term. For consistency, we check that this coupling has a
second-order e"ect on the normal flux budget: we find
|Mn"s/Ms"n|' %s/%n = 0.1. We conclude that in the
inertial range at high temperatures: the slip velocity allows
energy to leak from the superfluid with a flux which
mimics the normal-fluid viscous dissipation, so that both
fluid end up with similar behaviour. This process remains
compatible with a strong locking of the 2 fluids in the limit
of high Reynolds numbers.

The dissipation cut-o! in the two-fluids cascade. In
ordinary Navier-Stokes homogeneous turbulence, the
viscous cut-o" scale ) is determined by the energy inject-
ion ' at large scale d0 and by the kinematic viscosity #:

)4 !
#3

'
. (12)

With the exception of the “quasi-Euler” case, the spec-
tra of vn and vs are computed with the same viscosities
#n and #s and the same total energy injected per unit
volume at wave number k' 2. The collapse of all spectra
onto the same curve at low k shown in fig. 2b indicates that
the energy injected is e!ciently redistributed between the
two fluids, and that both fluids have the same integral
scale d0 (as evident in fig. 1). Contrary to what happens
in single-fluid Navier-Stokes turbulence, fig. 2b shows that
the superfluid and normal-fluid cut-o" scales are temper-
ature dependent: it is apparent that the lower is T ,
the more extended is the inertial range cascade. There-
fore, if one defines the Reynolds number using the classi-
cal relation with the ratio of large and small scales of the
cascade, Re= ()/d0)!4/3, one finds that Re is temper-
ature dependent. Evidently, ordinary turbulent relations
such as eq. (12) are not valid in our two-fluids system.
We now argue that the temperature dependence of ) and

Re observed for finite #s will be present in the limit #s = 0,
and will reflect the temperature-dependent e!ciency of
the energy transfer from the superfluid to the normal
by mutual friction. This process is independent of #n,
and more generally is independent of the dissipation
mechanism in the normal fluid. It can be accounted by a
temperature-dependent e"ective superfluid viscosity #eff .
As a starting point, we note in fig. 2b that at small

enough scales |vn|)| vs|. At these small scales the mutual
friction force in the equation for vs simplifies to

#
%n
%
Fns =#

%n
%

B

2
|!s|(vn#vs)! *|!s|vs, (13)

where *= %nB/(2%) [17]. In our model, the prefactor |!s|
in the mutual friction accounts for the local absolute
vorticity of the vortex tangle, which, following ref. [8], can
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be related to the vortex line density by |!s|= !L. If the
vortex lines are smooth on length scales of order "!L!1/2,
the quantity " measures the inter-vortex spacing and
corresponds to the cut-o" scale of superfluid turbulence.
We conclude that at su!ciently small scales

#
%n
%
Fns ! *!Lvs ! #eff

&vs

"2

'

, (14)

where the analogy between vs/"2 and the magnitude
of "2vs has suggested the introduction of an e"ective
superfluid viscosity:

#eff = *!. (15)

This e"ective viscosity is relevant at scales smaller or equal
to l, at which superfluid energy is transferred into the
normal fluid by mutual friction.
When comparing our DNS model to experiments we

must remember that in our continuous model the identi-
fication L= |!s|/! neglects random vortex filaments and
Kelvin waves of wavelength shorter than " (which become
particularly important at very low temperatures), thus
underestimating the vortex line density. It is therefore
more proper to relate " not to the total L!1/2 but to

L!1/2$ , defined in our previous paper [15] as the vortex line
density associated with the polarised part of the vortex
tangle. Equation (15) thus becomes

#eff =
L

L$
*!, (16)

where the ratio L/L$ ! 1 is expected to be of order one
at high temperature and possibly significantly larger than
one in the limit T * 0. This ratio measures the wiggleness
of the tangle at small scale, and can be interpreted as a
measure of its fractal dimension [27].
An alternative derivation of an e"ective superfluid

viscosity has been proposed in ref. [8] (p. 216) from the
more microscopic point of view of the friction of individual
vortex lines. Figure 4 shows that our macroscopic model
of #eff (thick black line) is in excellent agreement with the
microscopic model of ref. [8] (thin grey dashed lines). In
the figure our model is plotted with a wiggleness prefactor
L/L$ = 2, and the model of ref. [8] contains a logarithmic
prefactor which has been estimated for two di"erent sets
of parameters for laboratory turbulent flows.
Another (experimental) definition of e"ective superfluid

viscosity ##eff = '/(!L)2 has been proposed in recent stud-
ies of decaying turbulence experiments [5,28–31]. These
values of ##eff are shown in fig. 4 as symbols. The agree-
ment between #eff and ##eff is good. Since B is approxi-
mately constant with temperature above 1K, the strong
temperature dependence of the e"ective viscosity arises
from the temperature dependence of %n/%, which suggests
that the ratio L/L$ has little temperature dependence
above 1K.
Although what happens below 1K goes beyond the

scope of this study, we remark that there is a qualita-
tive good agreement between experimental data below 1K
and the low-temperature extrapolation of the predicted
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Fig. 4: (Colour on-line). E!ective kinematic viscosity in
units of #. Isolated symbols: superfluid e!ective viscosity
defined by ""eff = $/(#L)

2 and measured in decaying turbulence
experiments; (blue) diamonds [5], (red) circles [29], (green)
squares [28] and triangles [30,31]. Lines: analytical models;
thick (black) line: present model (eq. (16)) with prefactor
L/L# = 2 (isolated bullet (black) for L/L# = 30), thin (purple)
continuous line: µ/(!#) where µ is the dynamic viscosity of the
normal fluid; dashed (grey) lines: microscopic model eq. (66)
from ref. [8] computed with prefactor R0/a0 = 10

6 and 104.

e"ective viscosity. A wiggliness prefactor L/L$ ' 30 would
allow to account for the measured e"ective viscosity down
to 750mK typically. This suggests that the cross-over
between zero-temperature and finite-temperature quan-
tum turbulence occurs at a lower temperature than the
usual estimation of 1K based on phonon (normal fluid)
mean free path considerations. In other words, it suggests
that a relative small concentration of normal fluid (signif-
icantly lower than 1 percent) still produces a dissipa-
tion which is comparable to other e"ects (Kelvin waves
cascade, vortex reconnections) which are specific of the
superfluid. Although our continuous model is no longer
justified for the normal fluid below 1K, this observation is
not inconsistent with it, because #eff is derived regardless
of the normal-fluid dynamics.
Finally, we speculate on the form of the classical

eq. (12) for superfluids. Following the analogy between the
mutual friction at small scale and the viscous dissipation
(eq. (14)), the kinetic energy which is “removed” from the
superfluid at small scales is

'! #eff

!

v2s
"2

"

. (17)

Substituting vs ! !/" into eq. (17), we recognise the
alternative definition ##eff . Combining eqs. (17) and (16),
we obtain the following superfluid counterpart of the
classical eq. (12):

"4 =

!

%n
%

B

2

"

!3

'

L

L$
=
*!3

'

L

L$
, (18)

where the wiggleness parameter L/L$ is of order one for
T > 1K and possibly larger at lower temperatures. Note
that eq. (18) contains an implicit temperature dependence
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through B and %n/% (and possibly through L/L$ in the
low temperature limit).
A quantitative comparison of eq. (18) with our numer-

ical simulations is impossible due to the finiteness of #s
in particular, but we find a good qualitative agreement.
Equation (18) allows us to predict the temperature depen-
dence of the depth of the turbulent cascade, and to define
a “superfluid Reynolds number” using the separation of
large and small scales.

Conclusion and perspectives. – We have introduced
a new two-fluids DNS model to study quantum turbulence
in a self-consistent way. The model is based on the
continuum approximation, and we have discussed its
advantages and limitations. Our numerical results support
the current understanding [8] that in quantum turbulence
the superfluid and the normal fluid are strongly coupled.
In addition, our results at high temperature show the
slip velocity peaks in the dissipation scales, and that
whereas in the normal fluid the triadic interaction is
balanced by the viscous dissipation, in the superfluid it
is balanced by the mutual friction. We have also found
that the usual turbulence relation (eq. (12)) which relates
the cut-o" scale to the energy injection at large scale '
and the kinematic viscosity # is not valid in our two-
fluids system. Finally, we have found that the energy
transfer from the superfluid to the normal fluid does not
depend on the normal fluid’s dissipation, but it can be
accounted by a temperature-dependent e"ective superfluid
viscosity #eff , which we have calculated and which is in
good agreement with other estimates. Using this quantity,
we have obtained the superfluid equivalent (eq. (18)) to
the classical formula (eq. (12)) which relates the energy
injection to the dissipation scale.
In the discussion, we have introduced the wiggleness

parameter L/L$ which is of order one above 1K but may
be larger at smaller temperatures. We speculate that L/L$
is related to the fractal dimension of the tangle; its increase
in the low temperature limit may explain the saturation
of #eff for T * 0. Further work will solve this issue.
In two recent experiments [6,32], the spectrum of vortex

line density in turbulent superfluids was found to di"er
from its classical counterpart: the spectrum of local enstro-
phy. A proposed interpretation assumes that only the
“polarised” contribution of the vortex tangle mimics the
classical enstrophy [15]. The present numerical model,
which only accounts for the polarised contribution, gives
results consistent with this picture : the spectrum of the
superfluid vorticity |!s| (fig. 2a) is indeed similar to corre-
sponding spectra in classical fluids.
Future work will also attempt to test further the

proposed interpretation [15] by adding to the current DNS
two-fluids model an equation for a scalar field accounting
for the density of the unpolarised contribution of the
vortex tangle. Another important problem to address
is the decay of turbulence, which is receiving much
experimental attention.
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