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One of the Devices for (Numerical) Experiments
A. Freyn, B. Douçot, D. Feinberg, R. Mélin, PRL 2011
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Bloch Oscillations 523

A Theory of the Electrical Breakdown of Solid Dielectrics.

Cl a r e n c e  Ze n e r , H. H. Wills Physics Laboratory, Bristol.

(Communicated by R. H, Fowler, F.R.S.—Received December 27, 1933, Revised
March 1, 1934.)

§ 1. Introduction.

In the modern theory of metallic conduction initiated by Bloch, conductors, 
semi-conductors, and non-conducting crystals may be represented by the same 
model. In this model each electron is supposed to move freely in the periodic 
field of the lattice. Owing to this field, not all electronic energy levels are 
allowed; the allowed levels are grouped into bands, separated by energy 
intervals which are disallowed. If all the energy levels of a given band are 
occupied by electrons, then, according to the theory, these electrons can make 
no contribution to an electric current in the crystal. If all the bands are full, 
the crystal must be an insulator. Thus in an insulator there exist a number 
of energy bands which are completely full, and a number of bands of higher 
energy which, for a perfect crystal at the absolute zero of temperature, are 
empty.

In a real non-conducting crystal, however, there will be a few electrons in 
the first unfilled band, owing to thermal excitation, impurities, etc. Their 
number is, however, too small to give an appreciable current at ordinary 
field strengths. As the field strength is increased, the current due to these few 
electrons increases steadily, but it will not show the sudden rise observed in 
dielectric breakdown. For this sudden rise it is necessary that the number of 
electrons in an unfilled band should suddenly increase as the field strength 
passes a critical value. Two distinct mechanisms have been suggested for this 
sudden increase. Of these, the first*}* is a process analogous to the electrical 
breakdown of gases. In the absence of an external field, the few electrons in 
the upper band are in the lowest energy state of this band ; under the action 
of an electric field, they are raised to higher levels. When one of these electrons 
reaches a sufficiently high level, it will give up energy to an electron in a lower 
(full) band, both electrons making a transition to a low level of the upper 
band. The process will then be repeated; the number of electrons in the

t  Hippel, ‘ Z. Physik,’ vol. 67, p. 707, vol. 68, p. 309 (1931); vol. 76, p. 146 (1932).
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Connection between Bloch oscillations and
Wannier-Stark ladders
Wannier, Phys. Rev. 1960
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In practise: absence of Bloch oscillations in metals

Bloch oscillations are not observed in metals
because of inelastic collisions

⇒ Semiconductor superlattices:

Brillouin zone [−π/a, π/a], with a enhanced
by about a factor 1000 compared to a metal

⇒ Period of oscillations much shorter than
inelastic scattering time.
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Wannier-Stark ladders in semiconducting superlattices

Formation of minibands in absence of electric �eld
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Wannier-Stark ladders in semiconducting superlattices

Intermediate electric �eld: Wannier-Stark ladders and
possibility of transitions m = 2, 1, 0,−1,−2
Spatial extent of ladders ∝ (Electric �eld)−1
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Wannier-Stark ladders in semiconducting superlattices

Localization in a single well in strong electric �eld

Spatial extent of ladders ≈ Size of a single quantum well
So-called �Atomic limit�
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Wannier-Stark ladders in semiconducting superlattices

Spectroscopy
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Wannier-Stark ladders in semiconducting superlattices

Evolution of the peak energies as a function of electric �eld
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Analogy between solid state physics and superconductivity
R. Mélin, R. Danneau, K. Yang, J.-G. Caputo, B. Douçot,
arXiv:1903.04889, submitted to PRB

Band Theory Superconductivity

Wave-vectors Superconducting phases

Position xn on the lattice Number N of transmitted
in real space Cooper pairs

Wannier functions labelled by Periodicity in phases implies
sites on a periodic lattice N integer

Plane waves States with �xed
in Bloch theory superconducting phase

|k〉 =
∑

x exp(ikx)|x〉 |ϕ〉 =
∑

N exp(iNϕ)|N〉
Hopping between neighboring Transferring pairs between leads by

tight-binding sites Andreev re�ection

Electric �eld dk/dt = −eE Josephson relation dϕn/dt = 2eVn/~
Wannier-Stark ladders Floquet-Wannier-Stark ladders
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One of the Devices for (Numerical) Experiments
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Spectral current:
Evidence for two Floquet-Wannier-Stark ladders
R. Mélin, J.-G. Caputo, K. Yang and B. Douçot, PRB '17
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the ladders are resonances, their finite life-time are due either to the coupling to the 
quasiparticle continua outside the gaps, or to extrinsic inelastic electron-phonon processes. 
Both ladders of resonances extend without limit in the positive and negative energy directions, 
and resonances belonging to the same ladder have the same width. The ladders are not 
populated by fermions, and the wave-functions of different rungs are redundant. Still, microwave 
radiation can probe transitions between two arbitrary rungs on the condition of resonance 
between the rf-field and the energy difference on the ladders. The width of the ladders has very 
strong variations with bias voltage (that width is exponentially small in inverse voltage as bias 
voltage is reduced below the gap) [1]. Superconductor-quantum dot-superconductor systems 
are thus well suited for providing evidence for the FWS ladders, and for the variations of the 
width of those as a function of bias voltage.  

In our project we will address the following questions: Can we use finite frequency noise 
to detect the FWS resonances in superconducting quantum dot as photoluminescence and 
photocurrent experiments [3] were used to probe the Wannier-Stark ladders in semiconducting 
superlattices? Are the FWS ladders controllable by varying the level spacing within the quantum 
dot, the coupling between the dot and the leads and by biasing the system? What is the 
connection between MARs and FWS ladders? As mentioned above, Andreev reflections 
transferring Cooper pairs between leads are analogous to hopping between neighboring sites 
on a tight-binding lattice in solid state physics.  

Fig. 3: Spectral current I(E) as a function of normalized energy E/ calculated for a three-
terminal (a) and two-terminal (b) JJ, for voltage eV/=0.3 and normalized contact 
transparencies /=0.1. Two ladders with alternating signs emerge on panel (a), while a single 
ladder is obtained in the unpublished data on panel (b). Noise at finite frequency  can trigger 
transitions between Wannier-Stark states appearing at different energies Ep and Eq’ on panels 
(a) or (b). A resonance will appear in finite frequency noise as a function of , whenever 
frequency  of the rf-field matches the difference Eq’-Ep. 
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Spectrum of Floquet-Wannier-Stark Resonances
R. Mélin, J.-G. Caputo, K. Yang and B. Douçot, PRB '17

Γ/∆ = 0.3

Inter-ladder tunneling for ∆/eV ' 6, 13
⇒ Landau-Zener-Stückelberg transitions
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Going one Step Further:
Spectroscopy of Floquet-Wannier-Stark ladders
R. Mélin, R. Danneau, K. Yang, J.-G. Caputo, B. Douçot,
arXiv:1903.04889, submitted to PRB
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On-chip spectroscopy

Finite frequency cross-correlations
(On-going project with Romain Danneau, Karlsruhe)
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Spectroscopy of FWS ladders with
�nite frequency cross-correlations

Submitted French-German ANR-DFG project

with Romain Danneau (KIT)
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Zero-Frequency Cross-Correlations
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A three-terminal Josephson junction biased at opposite voltages can sustain a phase-sensitive dc current

carrying three-body static phase coherence, known as the “quartet current.” We calculate the zero-frequency

current noise cross correlations and answer the question of whether this current is noisy (like a normal current in

response to a voltage drop) or noiseless (like an equilibrium supercurrent in response to a phase drop). A quantum

dot with a level at energy ǫ0 is connected to three superconductors Sa , Sb, and Sc with gap �, biased at Va = V ,

Vb = −V , and Vc = 0, and with intermediate contact transparencies. At zero temperature, nonlocal quartets (in

the sense of four-fermion correlations) are noiseless at subgap voltage in the nonresonant dot regime ǫ0/� ≫ 1,

which is demonstrated with a semianalytical perturbative expansion of the cross correlations. Noise reveals the

absence of granularity of the superflow splitting from Sc towards (Sa,Sb) in the nonresonant dot regime, in spite

of finite voltage. In the resonant dot regime ǫ0/� � 1, cross correlations measured in the (Va,Vb) plane should

reveal an “anomaly” in the vicinity of the quartet line Va + Vb = 0, related to an additional contribution to the

noise, manifesting the phase sensitivity of cross correlations under the appearance of a three-body phase variable.

Phase-dependent effective Fano factors Fϕ are introduced, defined as the ratio between the amplitudes of phase

modulations of the noise and the currents. At low bias, the Fano factors Fϕ are of order unity in the resonant dot

regime ǫ0/� � 1, and they are vanishingly small in the nonresonant dot regime ǫ0/� ≫ 1.

DOI: 10.1103/PhysRevB.93.115436

I. INTRODUCTION

The Josephson effect and multiple Andreev reflections

(MARs) appear to be well established at present time in

two-terminal setups [1–4], especially with respect to the

clearcut break-junction experiments [5,6]. Less is known about

three terminals. A few recent works [7–15] dealt with su-

perconducting nanoscale devices with three superconductors

Sa , Sb, and Sc biased at Va , Vb, and Vc = 0, instead of

superconducting weak links with only two terminals. It was

established by Cuevas and Pothier [7] on the basis of Usadel

equations that the third terminal Sc can be viewed qualitatively

as having the same effect as an rf source, producing what

was coined [7] as “self-induced Shapiro steps.” Later, Freyn

et al. [8] rediscovered those voltage resonances and identified

in the adiabatic regime the emergence of intermediate states

involving correlations among four, six, eight,... fermions

(the so-called quartets, sextets, octets,...). The condition for

appearance of a coherent dc current at a (p,q) resonance is

p(Va − Vc) + q(Vb − Vc) = 0. Nonlocal quartets correspond

to (p,q) = (1,1), nonlocal sextets to (p,q) = (1,2) or (2,1),

nonlocal octets to (p,q) = (1,3), (2,2) or (3,1),... For tunnel

contacts and at low bias, allowing an adiabatic approximation,

the dc current at a (p,q) resonance is given by

I c
p,q sin[p(ϕa(t) − ϕc(t)) + q(ϕb(t) − ϕc(t))]

= I c
p,q sin[p(ϕa(0) − ϕc(0)) + q(ϕb(0) − ϕc(0))], (1)

where the last identity is valid only at a (p,q) resonance

p(Va − Vc) + q(Vb − Vc) = 0 at which the nonlocal Joseph-

son effect becomes time independent, and the critical current

I c
p,q can be calculated at equilibrium. It turns out that the

microscopic process of four-fermion exchange produces a

π -shifted current-phase relation for the quartets [9] instead of

a standard “0” junction. A fully nonequilibrium calculation for

the current at voltage resonance was carried out by Jonckheere

et al. [9]. Correlations among pairs and quasiparticles were

also obtained in this paper in the form of phase-sensitive MARs

(ph-MARs). The recent Grenoble experiment on metallic junc-

tions by Pfeffer et al. [15] provided evidence for phenomena

compatible with quartets. However, this experiment could not

firmly establish whether the anomaly is due to the quartet

mechanism or the oscillations of populations. This question

is somehow marginal: Both effects can appear simultaneously

because of crossover between those two limiting cases. A more

relevant question is that of reconsidering synchronization in a

phase-coherent mesoscopic sample.

It is shown here that noise experiments in three-terminal

Josephson junctions should provide complementary character-

ization of those phase-coherent processes, similarly to Cooper

pair splitting in three-terminal normal metal-superconductor-

normal metal setups [16–27]. A well-understood mechanism

for noise in voltage-biased normal-fermionic junctions is

partition noise. A well-known intuitive picture envisions a

2469-9950/2016/93(11)/115436(10) 115436-1 ©2016 American Physical Society
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A novel nonlocal supercurrent, carried by quartets, each consisting

of four electrons, is expected to appear in a voltage-biased three-

terminal Josephson junction. This supercurrent results from a non-

local Andreev bound state (ABS), formed among three supercon-

ducting terminals. While in a two-terminal Josephson junction the

usual ABS, and thus the dc Josephson current, exists only in equilib-

rium, the ABS, which gives rise to the quartet supercurrent, persists in

the nonlinear regime. In this work, we report such resonance in a

highly coherent three-terminal Josephson junction made in an InAs

nanowire in proximity to an aluminum superconductor. In addition to

nonlocal conductance measurements, cross-correlation measurements

of current fluctuations provided a distinctive signature of the quartet

supercurrent. Multiple device geometries had been tested, allowing

us to rule out competing mechanisms and to establish the underlying

microscopic origin of this coherent nondissipative current.

nanowires | superconductivity | multiterminal JJ | quartet |
nonlocal supercurrent

Superconductivity is an emblematical example of modern con-
densed matter physics as it manifests a macroscopic phenom-

enon governed by quantum mechanics, stressing the significance of
the phase of a “macroscopic” wavefunction (1). Most striking is the
dc Josephson effect (2). An established phase difference Δφ be-
tween two superconductors (SCs) leads to a nondissipative super-
current flow carried by Andreev bound states (ABS, Fig. 1).
Biasing the two SCs junctions leads to time evolution of Δφ,
resulting in an oscillatory supercurrent: the ac Josephson effect.
In recent years, multiterminal Josephson junctions (MTJs)

have been considered as generalizations of the ubiquitous two-
terminal junction (3–12). The MTJs are expected to show a
wealth of new phenomena thanks to the existence of several
independent phase variables. For instance, in equilibrium, dc
supercurrent of Cooper pairs can flow from any terminal to
another one, with the underlying ABS spectrum possessing to-
pological features, such as robust zero-energy states (9–12). On
the other hand, when biasing a three-terminal Josephson junc-
tion (3TJ), a new type of “multipair” dc supercurrent may
emerge, involving all three terminals (3–6). The simplest multi-
pair quasiparticles appear when VL = −VR, with both voltages
applied to the SL and SR terminals, respectively, relative to the
grounded terminal, SM (Fig. 1B). Under this condition, two Coo-
per pairs, one emerging from SL and one from SR, are transferred
to SM through a quartet, which is composed of four electrons (3–6).
As shown in Fig. 1B, this can happen only if L < ξ, with L the size
of SM and ξ is the superconducting coherence length. The quartet
forms via “crossed-Andreev reflection” (CAR) (13–16). Evidently,
the reversed process also takes place: two Cooper pairs in SM split
(each via a CAR process), and exchange electron partners that
recombine to form two spatially separated Cooper pairs in termi-
nals SL and SR. An ABS, involving four Andreev reflections within
the 3TJ, is formed (Fig. 1D), carrying a nonlocal supercurrent
where the current, say, from SM to SR, depends on the phase of SL.
A previous study of the conductance in a diffusive metallic 3TJ

already provided a signature of the quartet current (6); however,

several alternative models for that current could not be ruled
out. Here, we verify an emergent coherent quartet supercurrent
in a 3TJ, which is formed in a proximitized semiconducting
nanowire. Care was exercised to rule out other possible mecha-
nisms such as multiple Andreev reflections (MAR) (7, 8, 17) and
circuit electromagnetic coupling mechanisms (18, 19).

Quartet Supercurrent

The microscopic mechanism leading to the supercurrent in a short
two-terminal superconductor–normal-superconductor Josephson
junction (JJ) is described in Fig. 1C. An electron impinging on a
superconductor with energy smaller than the single-particle
superconducting energy gap may enter the superconductor as a
Cooper pair while reflecting back a hole via Andreev reflection
(AR). When two superconductors are placed in close proximity,
an ABS forms, allowing a flow of an equilibrium supercurrent. The
magnitude of the supercurrent obeys the energy-phase relation,
I =−ð2e=ZÞdEABS=dðΔφÞ, with EABS the energy of the ABS and
Δφ the phase difference between the two superconductors (20).
In a similar fashion the microscopic mechanism of the quartet

supercurrent in a 3TJ is shown in Fig. 1D. Due to CAR processes
in the small terminal SM, an outgoing hole, in response to an in-
coming electron from one side, propagates toward the opposite
terminal on the other side. A unique ABS is formed, with all three
superconducting terminals participating via four ARs (3). At
equilibrium (VL = VR = 0), the ABS energy EABSðφL,φRÞ is a
function of the two independent phases φL and φR, each with
respect to that of the center terminal (φM ≡ 0). It is beneficial
to choose new variables, EABSðφq, χÞ, where φq =φL +φR and
χ =φL −φR. Under antisymmetric biasing conditions, V = VL =

−VR (Fig. 1D), using _φL,R = ð2e=ZÞVL,R, the phase φq is stationary
while the phase χ continuously changes, χ = ð4e=ZÞVt. In an

Significance

In this work we present detailed studies of a nondissipative

current, called “quartet supercurrent,” where two distinct

Cooper pairs, originating in different terminals, recombine into

a four-electron quasiparticle: a quartet. Employing conductance

measurements and highly sensitive cross-correlation of current

fluctuation, we identified the existence of such a coherent

nonlocal state.
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Zero-Frequency Cross-Correlations
Y. Cohen, Y. Ronen, J.-H. Kang, M. Heiblum,
D. Feinberg, R. Mélin and H. Shtrikman, PNAS 2018
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Exemple: Asymmetric two-terminal device (1/2)
R. Mélin, R. Danneau, K. Yang, J.-G. Caputo, B. Douçot,
arXiv:1903.04889, submitted to PRB
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VbVa
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Γa/∆ = 0.4 and Γb/∆ = 0.2
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Asymmetric two-terminal device (2/2)
R. Mélin, R. Danneau, K. Yang, J.-G. Caputo, B. Douçot,
arXiv:1903.04889, submitted to PRB
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A zoo of Floquet spectra
R. Mélin, R. Danneau, K. Yang, J.-G. Caputo, B. Douçot,
arXiv:1903.04889, submitted to PRB
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Dispersion relations
B. Douçot, R. Danneau, K. Yang, J.-G. Caputo, R. Mélin
arXiv:1904.03132, submitted to PRL

Γa/∆=0.4 Γb/∆=0.2, Γc
(a,b)

/∆=0.25, ϕq/2π=0.1

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

-0.4 -0.2  0  0.2  0.4

(a)

(E
+

ξ)
/∆

log10|λα|

-0.4 -0.2  0  0.2  0.4

(b)

arg(λα)/2π

Γa/∆=0.4 Γb/∆=0.2, Γc
(c,d)

/∆=0.8, ϕq/2π=0.1

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

-0.4 -0.2  0  0.2  0.4

(c)

(E
+

ξ)
/∆

log10|λα|

-0.4 -0.2  0  0.2  0.4

(d)

arg(λα)/2π

λα = exp(ikα) (complexi�ed
fast superconducting phase vari-
able)

ABS: E + ξ = ±EA(k), ξ = meV
Parallel transport of BdG wave-
functions along a cycle
+ periodic orbits ⇒ Berry phase

when matching the wave-function
over one period

Landau-Zener-Stückelberg
tunneling paths

Leakage from dot to quasiparticle
continua (transient process)

Multiple Andreev re�ections

to the continua
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Solution of semiclassical theory for a multiterminal
superconducting-quantum dot (due to Benoît Douçot)
B. Douçot, R. Danneau, K. Yang, J.-G. Caputo, R. Mélin
arXiv:1904.03132, submitted to PRL

For decoupled FWS ladders:

E = σ〈EA〉 − (2n + w)eV

winding number w (an integer)
Berry phase: ϕB = πw

ϕB = 0 or π 0

0

ππ
ππ

Γc

ΓaΓb

ϕq/2π = 0.2
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Floquet-Wannier-Stark ladders with Berry phase ϕB = π
B. Douçot, R. Danneau, K. Yang, J.-G. Caputo, R. Mélin
arXiv:1904.03132, submitted to PRL

-4

-3

-2

-1

 0

 1

 2

 3

 4

 0  25  50  75  100  125  150

E
n
/e

V

∆/eV

In Green: En/eV = σ〈EA〉/eV + 2n

In Magenta: Maxima of the resolvent

⇒ Spectroscopic evidence for ϕB = π
⇒ SQUID interferometry or tunnel spectroscopy
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Summary

1 Analogy with solid-state physics
(i.e. Bloch oscillations and Wannier-Stark ladders)

2 Finite frequency noise spectroscopy of
the Floquet-Wannier-Stark ladders
⇒ Possible experiments are considered

3 Semiclassical theory of the Berry phase
⇒ Emergence of nontrivial Berry phase ϕB = π

4 E�ect of Berry phase on Floquet-Wannier-Stark ladders
⇒ Shift of half a period of the Floquet spectra if ϕB = π
⇒ SQUID interferometry or tunneling spectroscopy
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