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The Set-up for Numerical Experiments
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Two Layers of Complexity{
→ Superconductivity
→ Time-periodic Hamiltonian (ϕn(t) = 2eVnt/~)

⇒ Floquet theory

•Wave-function more microscopic than Green's function

⇒ Notions taken from band theory in solids

•Tilted band picture

⇒ Notion of relaxation of Floquet states

⇒ Experimental consequences for spectroscopy

Solid state physics Superconductivity

Tight-binding model Tight-binding model

Hopping term n→ n ± 1 Nb − Na → Nb − Na ± 2 (2T)

Wave-vectors Superconducting phases

Brillouin zone Brillouin zone
−π < kx , ky < π −π < ϕa, ϕb < π

Electric �eld dk/dt ∝ E Josephson relation dϕn/dt = 2eVn/~
Bloch oscillations Bloch oscillations

Topology Topology
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Rotating-Wave Approximation
for a Periodically Driven Qu-Bit

H = H0 +H′(t)

H0 = ∆
2
σ̂z

H′(t) = ωR cos(Ωt)σ̂x

H′I (t) = ωR cos (Ωt)
[
σ̂+

I (t) + σ̂−I (t)
]

(1)

= ωR cos (Ωt)
[
e i∆t σ̂+ + e−i∆t σ̂−

]
(2)

Rotating-wave approximation:
H′I (t)→ HRWA, with HRWA = ωR

2

[
e i(∆−Ω)t σ̂+ + e i(Ω−∆)t σ̂−

]
At resonance (ω = ∆): HRWA = ωR

2
[σ̂+ + σ̂−] = ωR

2
σ̂x

ω

∆−Ω
R

E
n

e
rg

y

Spin-1/2 in static magnetic �eld:
HRWA = −heff .σ̂, with

heff = −
(

∆− Ω

2

)
ẑ− ωR

2
x̂

(3)
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Beyond the Rotating Wave Approximation

2π/Ω time-periodic Hamiltonian ⇒ We apply time Bloch theorem
|ψα(t)〉 = e−iEαt/~|χα(t)〉 (with α = 1, 2)

|ψα(t)〉 = two-component wave-function
of the two-level system

|χα(t)〉 = periodic with period T = 2π/Ω

Then we have the following expansion:
|χα(t)〉 =

∑+∞
m=−∞ e−imΩt |χ(α)

m 〉
Schrödinger equation i ∂∂t |ψ(t)〉 = Ĥ(t)|ψ(t)〉
⇒ in�nite number of equations (due to time periodicity)

(Eα + mΩ) |χ(α)
m 〉 = ∆

2
σ̂z |χ(α)

m 〉+ ωR
2
σ̂x |χ(α)

m+1
〉+ ωR

2
σ̂x |χ(α)

m−1〉, ∀ m

⇒ Tight-binding Hamiltonian on a ladder
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Tight-Binding Hamiltonian
in the m Representation
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Tight-Binding Hamiltonian
in the m Representation

�mΩ� term ⇒ Better representation of the Hamiltonian
involves a tilt in the (m,E ) plane:

E
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0
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m
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Meaning of the Rotating Wave Approximation in the m
Representation

Ω = ∆ ⇒ Horizontal steps. For a single ladder:

m

0
E

n
er

g
y

 (
te

rm
 H

  
 −

m
  

  
)

Ω

Vertical couplings are neglected in the rotating wave approximation
⇒ In�nity of horizontal dimers


n→ n ⇒ DC
n→ n + 1 ⇒ Oscillations with fundamental frequency Ω
No oscillations with frequencies 2Ω, 3Ω, ...
in the rotating wave approximation
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Limit Ω→ 0 in the φ-Representation (No Tilt)

Plane waves: |χ(φ)
m 〉 = e imφ|χ(φ)〉

φ is conjugate to m
We recover the Hamiltonian with a frozen phase:

Eφ|χ(φ)〉 =
(

∆
2
σ̂z + ωRcos(φ)σ̂x

)
|χ(φ)〉


k in band theory↔ φ in this problem
k ∈ [0, 2π] (Brillouin zone)↔ φ ∈ [0, 2π] (phase modulo 2π)
dk/dt ∝ electric �eld↔ Brillouin zone swept at constant velocity

Band structure:

[
∆/2 ωR cosφ

ωR cosφ −∆/2

]
= Ĥ(φ) ⇒ E±(φ) = ±

√
∆2

4
+ ω2

R cos2 φ
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Combining the φ- and m-Representations

Ω→ 0 First step: Band structure

φ
−π π

Energy
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Combining the φ- and m-Representations

(Ω� ωR) Second step: Projection on the energy axis
[m̂, φ̂] = 0 (classical limit)

−π π

Energy

φ
m
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Combining the φ- and m-Representations

(Ω� ωR) Third step: Introducing the tilt
Still [m̂, φ̂] = 0

−π π

Energy

φ
m

Energy

Classically forbidden

Classically forbidden

Classically forbidden

Classically

allowed

Classically
allowed
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Combining the φ- and m-Representations

(Ω� ωR) Fourth step: Re-quantization (Ω play the role of usual ~)
Use m̂ = −i∂/∂φ (e.g. [m̂, φ̂] = 0)

⇒ wave-function solution of a �rst-order di�erential equation
2π-periodicity on wave-function ⇒ discrete energy levels

⇒ Floquet-Wannier-Stark ladders

−π π

Energy

φ
m

Energy

Classically forbidden

Classically forbidden

Classically forbidden

If Ω→ 0, extent of wave-functions along the m axis becomes very
large ⇒ Emergence of a large number of harmonics and strong
deviations from rotating wave approximation
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Combining the φ- and m-Representations

Bloch oscillations

−π π

Energy

φ
m

Energy

Classically forbidden

Classically forbidden

Classically forbidden
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Combining the φ- and m-Representations

Bloch oscillations

−π π
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Combining the φ- and m-Representations

Bloch oscillations
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Combining the φ- and m-Representations

Bloch oscillations

−π π
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Combining the φ- and m-Representations

Bloch oscillations

−π π

Energy

φ
m

Energy

Classically forbidden

Classically forbidden

Classically forbidden
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Combining the φ- and m-Representations

Bloch oscillations

Bloch oscillations are not observed in metals because of
inelastic collisions

⇒ Semiconductor superlattices:

Brillouin zone [−π/a, π/a], with a enhanced
by about a factor 1000 compared to a metal

⇒ Period of oscillations much shorter than
inelastic scattering time.
�Self-di�racted four-wave mixing experiment� '92

⇒ Bloch oscillations also observed in cold atoms experiments
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Combining the φ- and m-Representations

m
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Energies on the circle (1/2)

Let (|χm〉)m be a solution for energy Eα

Let us de�ne |χ′m〉 = |χm−1〉
Then |χ′m〉 is solution for E ′α = Eα − Ω

e−i(Eα−Ω)te−i(m−1)Ωt = e−iEαte−imΩt

⇒ Same global wave-function in spite of
di�erent levels on the ladder

⇒ Energies Eα and Eα − Ω should be identi�ed

Energies on the circle (2/2)

Meaningless to say that E+ > E− or E− < E+

⇒ Spectroscopy experiments

Ω1 = ±(E+ − E−) + nΩ ⇒ Future developments with two
independent frequencies for forthcoming three-terminal Josephson
junctions. Goal: To motivate experiments in the group of Caglar
Girit (Collège de de France) and Romain Danneau (Karlsruhe)
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Combining the φ- and m-Representations
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Combining the φ- and m-Representations
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Floquet-Wannier-Stark-Andreev Resonances (2 Terminals)

Ĥ = Ĥa + Ĥb + Ĥa−b − eV
(
N̂a − N̂b

)
,

[
N̂a − N̂b,

ϕ̂a − ϕ̂b

2

]
= i

ϕ

∆

−∆

E

0

2π

E

l

0

Two uncoupled FWS-Andreev bands:
Ĥ± = E±(ϕ̂)− 2eV l̂ , with
l̂ = (N̂a − N̂b)/2 (auxiliary variable)

Steady state ⇒
Ĥ±|ψ±〉 = E±|ψ±〉 ⇒[
E±(ϕ̂)− 2eV l̂

]
|ψ±〉 = E±|ψ±〉

with l = i∂/∂ϕ (e.g. [l̂ , ϕ̂] = i)

⇒ First order di�erential equation for wave-function

Imposing 2π-periodicity in ϕ leads to quantized energy levels:

{
Ej = 2eVj + 〈E 〉
E ′j ′ = 2eVj ′ − 〈E 〉 , with 〈E 〉 =

1
2π

∫
2π

0

E+(ϕ)dϕ

⇒ Two Floquet-Wannier-Stark-Andreev ladders
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Floquet-Wannier-Stark-Andreev Ladders

Non-coinciding resonances

l

E

• Tunneling between ladders
and continua

⇒ Finite width of
FWS-Andreev resonances

Coinciding resonances

l

E

• Tunneling between ladders
and continua

• Inter-ladder tunneling
⇒ Landau-Zener-Stückelberg

transitions
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Di�erences Between 2 and 3 Terminals

Ladders parameterized by the quartet phase ϕQ

⇒ Level crossings as a function of ϕQ

Multiple Andreev Re�ections become Phase-sensitive Multiple
Andreev re�ections ⇒ Interference process in the tunnel e�ect

A single picture for four phenomena:

Width of resonances

Landau-Zener-Stückelberg transitions

Phase-sensitive Multiple Andreev Re�ections

Houzet-Samuelsson thresholds
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Experimental Consequences / Numerical Experiments

We want to suggest new experiments on the spectroscopy of those
ladders:

⇒ Variation of the resonance energies with voltage

⇒ Variation of the width with voltage

We want to understand mechanisms for the width of the
resonances:

Equilibration with quasiparticle semi-in�nite continua

Electron-phonon scattering

We want to determine connections between spectrum and
DC-transport and noise:

Same energy scales in spectrum and DC-transport ?

Connection with DC-current

Connection with noise
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Floquet-Wannier-Stark-Andreev Resonances (1/2)
Γ/∆ = 0.1

Inter-ladder tunneling for ∆/eV ' 14
⇒ Landau-Zener-Stückelberg transitions

l

E

-4

-2

 0

 2

 4

 2  4  6  8  10  12  14  16

E
k
,c

/e
V

∆/eV

Γ/∆=0.1
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Floquet-Wannier-Stark-Andreev Resonances (2/2)
Γ/∆ = 0.3

Inter-ladder tunneling for ∆/eV ' 6, 13
⇒ Landau-Zener-Stückelberg transitions

l

E

-4

-2

 0

 2

 4

 2  4  6  8  10  12  14  16

E
k
,c

/e
V

∆/eV
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Wannier resonances (1/2)
Bentosela, Grecchi and Zironi, PRL '83

�Kronig-Penny model� H(N, f ) = d2

dx2
−
∑N

n=1
δ(x − na) + fa−1x

Non-hermitian e�ective Hamiltonian at level crossing:

Heff =

(
E + iε X
X E ′ + iε′

)
with ε� ε′

One resonance strongly coupled to continum (ε′),
the other weakly coupled (ε)

Weak coupling between
resonances: |X | � ε′

System dominated by
dissipation:

no level repulsion
ln |ImEi | �at for level strongly

coupled to continuum
ln |ImEi | has peak for level weakly

coupled to continuum
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Wannier resonances (2/2)
Bentosela, Grecchi and Zironi, PRL '83

�Kronig-Penny model� H(N, f ) = d2

dx2
−
∑N

n=1
δ(x − na) + fa−1x

Non-hermitian e�ective Hamiltonian at level crossing:

Heff =

(
E + iε X
X E ′ + iε′

)
with ε� ε′

One resonance strongly coupled to continum (ε′),
the other weakly coupled (ε)

Strong coupling between resonances
|X | � ε′

Quasi-hermitian system

Level repulsion for real parts

Equality for imaginary parts
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Future calculations on three-terminal Josephson junction

Strong coupling between resonances
|X | � ε′

Quasi-hermitian system

Level repulsion for real parts

Equality for imaginary parts

Realizing numerically (and also experimentally)
a �Floquet-qu-bit� on this principle

Manipulations with NMR pulses

Density matrix theory
from �rst principle Green's function calculations

Quantum trajectories

Still a lot of open questions on current-current
cross-correlations ...
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Relation with Noise Cross-Correlation Experiments

Thermal noise in a two-terminal point contact at equilibrium:

time

c
u
rr

e
n
t
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Possible Emergence of Schrödinger cats of Cooper pairs

TimeC
u

rr
e
n

t

TimeC
u

rr
e
n

t

C
u

rr
e
n

t

Time

Correlation time for sign of current=~/δ0
δ0=Level splitting at avoided crossings
FWS-Andreev spectrum as function of ∆/eV :
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Possible Emergence of Schrödinger cats of Cooper pairs

TimeC
u

rr
e
n

t

TimeC
u

rr
e
n

t

C
u

rr
e
n

t

Time

Correlation time for absolute value of current=~/δ
δ=width of Floquet-Wannier-Stark-Andreev resonances
log[line-width broadening](∆/eV ):
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Meaning of the Dynes parameter ηdot

Emergence of exponentially small energy scales

⇒ Those should be compared to lots of things
⇒ Dynes parameter as a source of extrinsic relaxation
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Dynes parameter
Dynes, Narayanamurti, Garno, Phys. Rev. Lett. 41, 1509 (1978)
Strong-coupling superconductor Pb0.9Bi0.1

I = GN

∫ +∞

−∞
ρ(E )ρ(E + V ) [f (E )− f (E + V )] dE

ρ(E , Γ) = (E − iΓ)/
[
(E − iΓ)2 −∆2

]1/2
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Role of Dynes parameter ηS/∆, with ηdot/∆ = 0

Double quantum dot: Four Floquet-Wannier-Stark-Andreev ladders

Current, ηS/∆ = 10−3 Current, ηS/∆ = 10−6
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Noise, ηS/∆ = 10−3 Noise, ηS/∆ = 10−6
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Interpretation: Avoided crossings between
Floquet-Wannier-Stark-Andreev ladders tuned by quartet phase

Emergence of a tiny η∗S/∆
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Connection With RF-Irradiated Josephson Junctions (2/2)

Bergeret, Virtanen, Ozaeta, Heikilä, Cuevas,
Phys. Rev. B 84, 054504 (2011)

F. S. BERGERET et al. PHYSICAL REVIEW B 84, 054504 (2011)
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FIG. 5. (Color online) (a) The CPR for α = 0.1, h̄ω = 0.6�, and

two values of the transmission coefficient, τ = 0.8 and τ = 0.6.

(b) The CPR for h̄ω = 0.3�, τ = 0.95, and two values of α, 0.2

and 0.6. In both panels the solid lines correspond to the microscopic

theory and the dashed lines to the two-level model.

used in the calculations with the microscopic theory, which in

this case is η = 10−4�.

The good agreement between the microscopic theory and

the two-level model in these examples can be understood as

follows. At zero temperature, the lower ABS is fully occupied,

while the upper one is empty. Therefore, for small values of α

and h̄ω < �, transfer of quasiparticles between the continuum

and the ABSs is not possible. The agreement between these

models is further confirmed in Fig. 5(a), where the CPR is

shown for h̄ω = 0.6�, α = 0.1, and two lower values of the

transmission (τ = 0.6 and 0.8). In this case, the agreement

is almost perfect for all phases. The reason is that now the

smallest energy gap between the ABSs, which occurs at ϕ = π ,

is large enough to avoid the overlap of the levels in the presence

of the microwave field. If the transmission is further reduced,

no transitions can occur between the Andreev states and the

adiabatic approximation becomes exact.

From the discussion above, we can conclude that

the two-level model provides an excellent description of

the supercurrent at zero temperature and for weak fields

(α ≪ 1). However, as the radiation power increases, the

situation changes. This is illustrated in Fig. 5(b), where we

show the CPR for a highly conductive channel (τ = 0.95),

a frequency h̄ω = 0.3�, and two values of α. As one can

see, the deviations between the results of the two-level model

and the microscopic theory become more apparent as the

power increases. The main reason for this discrepancy is

the occurrence of multiphotonic processes, which become

more probable as the power increases. These processes induce

quasiparticle transitions between the ABSs and the continuum

part of the energy spectrum, which are not included in the

two-level model.
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FIG. 6. (Color online) The zero-temperature CPR for h̄ω = 0.3�

and two values of the transmission: (a) τ = 0.95 and (b) τ = 0.8. The

different curves correspond to different values of α, as indicated in

the graphs.

As one could already see in Fig. 5(b), as the radiation power

increases the supercurrent dips broaden and the CPR acquires

a very rich structure. We illustrate this fact in more detail

in Fig. 6, where we show the evolution of the CPR with

α for two values of the transmission (0.95 and 0.8) and for

frequency h̄ω = 0.3�. Notice that, as the power increases, the

dips disappear, the CPRs become highly nonsinusoidal, and

in some regions of the phase the current can reverse its sign.

These results are clearly at variance with those found within the

adiabatic approximation (see Sec. II). They are a consequence

of a complex interplay between the dynamics of the ABSs,

which are broadened by the coupling to the microwaves and

the multiple transitions induced between the ABSs and the

continuum of states. This very rich behavior also has important

implications for the critical current, which for high transmis-

sions strongly deviates from the standard behavior described

by the adiabatic approximation. This is discussed below in

detail. Finally, it is worth stressing that the values of α used in

Fig. 6 are easily achievable in experiment, as demonstrated

in the context of atomic contacts,42 semiconductor

nanowires,13 or graphene junctions.15–17 Therefore, these

results indicate that the microscopic theory presented here will

always be necessary for the description of the experimental

results of highly transmissive junctions at sufficiently high

power, no matter how low the microwave frequency is.

B. Finite temperature: Enhancement of the supercurrent

We now turn to the analysis of the supercurrent at finite

temperature, carried out within the microscopic model. The

new ingredient at finite temperature is the fact that the ABSs

are neither fully occupied nor fully empty, which means that

quasiparticle transitions between the continuum of states and

054504-8

Recall also following paper:
Voltage-induced Shapiro steps

in a superconducting multiterminal structure

J.C. Cuevas and H. Pothier, Phys. Rev. B 75, 174513 (2007)
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Motivations for Introducing ηdot

Dynes parameter ηdot on the quantum dot

Dynes parameter ηS in superconductors

ηdot has much stronger in�uence on current than ηS

Considered scenario for ηdot : Electron-phonon scattering

Régis Mélin, Institut NEEL, Grenoble Nonequilibrium generalization of Andreev bound states



Spectrum ↔ Transport

Equilibrium
Andreev bound states

ϕ

∆

−∆

E

0

2π

E

l

0

I = −2e
~

d
dϕE (ϕ)

Nonequilibrium
Resonances

l

E

I =???

Régis Mélin, Institut NEEL, Grenoble Nonequilibrium generalization of Andreev bound states



Spectrum and Self-Induced Rabi Resonances

1) Two Floquet-Wannier-Stark-Andreev ladders:{
Ej = 2eVj + 〈E 〉
E ′j ′ = 2eVj ′ − 〈E 〉 , with 〈E 〉 =

1
2π

∫
2π

0

E (ϕ)dϕ.

2) Self-induced Rabi resonance whenever Ej = E ′j ′ ⇒

2eVj + 〈E 〉 = 2eVj ′ − 〈E 〉 ⇒ eVk =
〈E 〉
k

, with k = j ′ − j
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Spectrum ↔ Transport: Current Ic(eV /∆)
Spectrum
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, Γ/∆=0.1

ηdot/∆=0
ηdot/∆=10

-3

ηdot/∆=10
-2

Possible explanations for di�erence between the two:
Transport couples also to
Floquet wave-function and populations
Two cross-over values evaluated with di�erent methods

Ultra-sensitivity on tiny ηdot/∆
⇒ Additional energy scale η∗dot/∆
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Energy Scale η∗dot/∆ in Current (1/3)
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in�ection point on
those curves

~/η∗dot is intrinsic
characteristic time

Important e�ect of
ηdot/∆ (change of
sign in current Ic)

Much stronger e�ect of ηdot/∆ than ηS/∆

Possible experimental relevance of new regime ηdot � η∗dot in which
quantum dot degrees of freedom are
nonequilibrated with quasiparticle continua
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Energy Scale η∗dot/∆ in Current (2/3)

log[η∗dot/∆] as function of ∆/eV
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Energy Scale η∗dot/∆ in Current (2/3)

log[η∗dot/∆] as function of ∆/eV
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Remarkably:

Spectrum ↔ current
relation
holds qualitatively
(but not exactly).

Namely:

Interpretation:
Relaxation due to resonant coupling
to the gap edges at the thresholds
of multiple Andreev re�ections
(like Houzet-Samuelsson
thresholds)
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Energy Scale η∗dot/∆ in Current (3/3)

log[ηdot/∆] as function of ∆/eV
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Conclusions (1/2)

Two complementary points of view:
1) From the point of view of superconductivity:

Quartets current

Positive current cross-correlations

Interpretation of experiments
with Green's function calculations

2) From the point of view of time-periodic Hamiltonians:

Floquet theory

First generalization of Andreev states to nonequilibrium

Avoided crossings between
Floquet-Wannier-Stark-Andreev resonances

Continua of quasiparticles for a three-terminal Josephson
junction, but not for a driven qu-bit.
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Conclusions (2/2)

Three relevant low-energy scales:
1) Line-width broadening of
Floquet-Wannier-Stark-Andreev resonances
2) Resonance level splitting at avoided crossings of
Floquet-Wannier-Stark-Andreev resonances
3) Cross-over Dynes parameter η∗S/∆ or η∗dot/∆
New predictions for spectroscopy experiments
Qualitative connection between spectrum and transport:
even in presence of strong e�ect of weak relaxation
Interesting perspective on quantum thermodynamics:
In in�nite-gap limit, no entropy �ows from dot to superconducting
leads ⇒ Interest of investigating heat transport, and, maybe, in
connection with entanglement of quartet state
Interesting perspective on semi-classics:
Kang Yang and Benoît Douçot are now developing semi-classical
theory on the basis of the Floquet-Wannier-Stark-Andreev
viewpoint ⇒ Analytical results
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